An algebraic map is a pair (G, fl), where G is a group generated by x, y, with x 2 = I, acting transitively on a set n. It is regular if its automorphism group is transitive on n.Out of an algebraic map we can construct a topological map which is a two-cell decomposition of an orientable surface. There has been a lot of work on regular maps; on the sphere, for example, they are the Platonic solids. In this paper we show how we can construct a topological hypermap out of an algebraic hypermap. We put particular emphasis on the regular ones. On the sphere they are Archimedean solids and we also describe all examples on a torus and on a surface of genus 2.
INTRODUCTION
The theory of hypermaps is closely related to the classical theory of maps on surfaces and, as with that subject, it can be described either by topological or algebraic methods. Most of the existing literature on hypermaps has concentrated on the algebraic aspects. In this paper we shall be concerned with some of the beautiful pictures that can be obtained by considering hypermaps and so we shall introduce a topological as well as an algebraic definition.
We start by briefly reviewing some of the ideas in the theory of maps [4] . We recall that a topological map is basically a decomposition of an orientable surface into simply connected polygonal cells. A dart is a directed edge and a map is regular if its automorphism group is transitive on the darts. An algebraic map is a quadruple (G, Il, x, y) , where x and yare two permutations of the set n, with x 2 = 1 and G = gp(x, y) (the group generated by x and y) transitive on n. A detailed investigation into the connection between these two approaches is carried out in [4] .
Our definition of a topological hypermap is based on some pictures drawn by Robert Cori and others [1, 2] . For simplicity we start by defining hypermaps on compact surfaces. DEFINITIONS. Let X be a compact orientable surface. A topological hypermap Yf on X is a triple (X, S, A), where S, A are closed subsets of X such that:
(i) B = S n A is a non-empty finite set; (ii) SuA is connected; (iii) each component of S and each component of A is homeomorphic to a closed disc; (iv) each component of X\(S u A) is homeomorphic to an open disc.
The genus of Yf is the genus of X. The components of S are called hypervertices, the components of A are called hyperedges, and the components of X\(S u A) are called hyperfaces. The elements of B are called bits (or brins in French; one of the translations of brin is blade-as in blade of grass-but the word blade has already been used for an analogous but different concept in map theory, so we revert to the word bit which has already been used by Walsh [9] ).
Our first example (Fig. 1) is a rather arbitrary hypermap of genus 0 with 6 bits.
Here there are hypervertices with 1, 2 and 3 sides and hyperedges with 2 and 4 sides. There are two hyperfaces with 2 sides and one with 8 sides (namely the external hyperface).
Our second example (Fig. 2) is a hypermap on a torus with 9 bits. We obtain the torus by identifying the opposite sides of the hexagon.
[ill] Hyperedges • Hypervertices Here there are three 3-sided hypervertices, three 3-sided hyperedges and three 6-sided hyperfaces.
• Bits
We shall also need to consider hypermaps on non-compact orientable surfaces. We then have to allow infinitely many bits and we replace axiom (i) by the following local finiteness axioms:
(v) Each hyperedge and hypervertex contains finitely many bits; (vi) the closure of a hyperface contains finitely many bits. We think of the hypervertices, hyperedges and hyperfaces as topological polygons whose vertices are the bits. The edges of the hyperfaces are arcs in as or aA. As no two hypervertices or hyperedges can intersect (as they are components) it follows that the sides of F are alternately in as and aA and so we have the following result: LEMMA 1. Each hyperface is a polygon with an even number of sides.
ALGEBRAIC HYPERMAPS
Let (J (resp. oc) denote the permutation of B whose cycles are obtained by going around the hypervertices (resp. the hyperedges) in a positive sense. For example in Figure 1 , Clearly, the cycles of a (resp. rx) are in one-to-one correspondence with the hypervertices (resp. hyperedges), the lengths of these cycles being the same as the valency of the corresponding hypervertex or hyperedge (where the valency is the number of bits on the hypervertex or hyperedge, i.e. the number of sides of the corresponding polygon). Each cycle of aa corresponds to going around a face in a negative direction as shown in Figure 3 . When we perform o« we traverse two edges of a hyperface and hence the length of each cycle of a« is half of the number of sides of the corresponding hyperface which, by Lemma 1, is even.
DEFINITIONS. An algebraic hypermap is a quadruple
where B is a set and a, rx are two permutations of B such that G = gp(q, rx) is transitive on B.
If a, rx, a« have orders I, m, n respectively then we say that .stI has type (l, m, n). Given a topological hypermap Yf we can construct an algebraic hypermap.stl = Alg(Yf) by the procedure described above. The transitivity follows easily as SuA is connected. Later on, in Theorem 7, we shall prove that given an algebraic hypermap we can recover the corresponding topological hypermap.
An algebraic hypermap is what Cori [1] and others call a hypermap. They define the genus g of an algebraic hypermap by the following formula, where z(O denotes the number of cycles of a permutation ,:
THEOREM 1. Let Yf = (X, S, A) be a topological hypermap and let g be the genus of Alg(Yf). Then g is the genus of Yf (i.e. the genus of X).
PROOF. A topological hypermap gives a map on Xwhose vertices are the bits and whose faces are the hypervertices, hyperedges and hyperfaces. As every bit lies on a unique hypervertex and hyperedge we have a 4-valent map. Out of every vertex (i.e. bit) we have four edges, and as every edge has two vertices the number of edges of the map is E = 21BI. The number of vertices is V = IBI and the number of faces is IFI = z(q) + z(rx) + z(qrx). Thus the genus g of X is given by 2 -2g = IVI -lEI + IFI = IBI -21BI + z(rx) + z(q) + z(qrx) and the result follows.
NOTE. This method of associating a map with a hypermap is done in a purely combinatorial way in [I].
ISOMORPHISMS, AUTOMORPHISMS AND REGULARITY OF HYPERMAPS
DEFINITION. Let~= (G i , Bi, a., IX;) (i = 1, 2), be two algebraic hypermaps. Then an isomorphism, (f, 4J): .91 1 -+ .91 2 is a pair offunctionsf: B I -+ B 2 , 4J: Figure 4 commutes, where the horizontal arrows denote the group action. (T, IX) . In this case 4J fixes the generators (T, IX so that 4J is the identity, and thus an automorphism is determined by the bijection f: B -+ B. The commutativity of Figure 4 then implies that f commutes with all g E G, so we see that the automorphisms of an algebraic hypermap .91 form a group Aut .91 which is the centralizer of G in S(B), the symmetric group on B. Many of the results concerning algebraic hypermaps are analogous to corresponding results about algebraic maps, with the proofs going through almost word for word. In particular, the following three propositions follow from Section 3 of [4] . Direct proofs have also appeared in the references indicated. PROPOSITION I [5] . An automorphism a E Aut .91 is a regular permutation; that is, ifa has order k then it is a product of disjoint k-cycles. In particular, Aut .91 acts freely on B.
is a regular algebraic hypermap then every g E G is a regular permutation. 
. If IG I = IBI then G; = {I}. By Proposition 3, Aut d~Gso that [Aut dl = IBI. By Proposition 1, Aut d acts freely on B and hence the number of elements in an Aut d orbit is equal to [Aut dl = IBI. Hence Aut d is transitive on B so that d is regular.
As an example, the algebraic hypermap arising out of Figure 2 (with (1 = (3 4 5)(6 8 1) (2 7 9), IX = (l 2 3)(4 6 7)(8 9 5) is regular, for (1 and IX commute so that G = gp«(1, IX)~C 3 X C 3 and then IGI = 9 = IBI.
If~= (X;, S;, A;) (i = 1,2) are two topological hypermaps, then an isomorphism F:
, so that Fmaps the bits of £1 to the bits of £2' As F preserves orientation it induces an isomorphism (f, </J): A1g £, -+ A1g £2' Conversely, given an isomorphism (f, </J): Alg £1 -+ Alg £2 then there is a bijectionjfrom the bits of £1 to the bits of £2' As (1, </J = (12' IX, </J = IX 2, (11 IX, </J = (12IX2' there is a bijection between the hypervertices, hyperedges and hyperfaces of £, to those of £2' By the commutativity of Figure 4 we see that the cyclic order of the bits is preserved around hypervertices, hyperedges and hyperfaces, so that the bijections between the hypervertices etc. may be fitted together to give an isomorphism F: £1 -+ £2'
We could define the topological automorphism group of a topological hypermap £, but this would be a large and intractible group. Following from the above discussion there is a homomorphism from this group to the automorphism group of Alg £ (whose kernel consists of those topological automorphisms which fix every bit of £) so we follow Cori and Macht [2, 5] and define Aut £ to be Aut(Alg £).
UNIVERSAL HYPERMAPS
(A) QUOTIENT HYPERMAPS (see [4] (B) UNIVERSAL ALGEBRAIC HYPERMAPS The definition of a universal hypermap is analogous to the definition of a universal map given in [4] (Section 3); we just replace the triangle group r(2, m, n) by the triangle group Til, m, n). For completeness we supply the details.
For each I, m, n E N u {oo} we let r = Ttl, m, n) be the triangle group with presentation
where we regard relations of the form X OO = I etc. as being vacuous. We define the universal algebraic hypermap of type (l, m,n) to be
where ITIdenotes the underlying set of rand each g E r acts on Ir Iby right multiplication g: h -+ hg for all h E IFI. If H~r then H acts as a group of automorphisms of .91 by h: g -+ h:' g for all h E H, g E ITI so we can form the quotient map
where TlH = {Hgig E r} and H* is the core of H (the intersection of all conjugates of H in r). The group TjH" acts on the coset space Tl H by H*k: Hg -+ Hgk.
Exactly as in Theorem 3.4 of [4] we can prove the following: THEOREM 3. Every algebraic hypermap of type (I, m, n) is isomorphic to a quotient of the universal algebraic hypermap of type (I, m, n).
To introduce the concept of a hypermap subgroup we include the brief proof.
Let d = (G, B, (J, a) with rJ = If' = «Jat = I and let.iJ and Tbe as above. Then there (c) UNIVERSAL TOPOLOGICAL HYPERMAPS We now describe the construction of the universal topological hypermap of type (I, m, n). This has the property that every topological hypermap of type (I, m, n) is a topological quotient of it, in a way to be described.
The IJlI denote one of these surfaces. Let T be a triangle with vertices L o , M o , No and angles nil, nlm, n/n at these vertices . Consider the tessellation of IJlI formed by T and its images under the group generated by reflections in the sides of T. Each image of T will be another triangle with angles nll, nlm, nln, and we label the vertices so that the image of L o (resp. M o, No) will have a label L, (resp. M i , N;). Thus each vertex L , (resp. M i , N;) has valency 21 (resp . 2m, 2n).
If we reflect T in the sides LoN o and MoNo we obtain triangles L]MoNo and LoM, No as shown in Figure 5 . (D) THE UNIVERSAL TOPOLOGICAL HYPERMAPS ON THE PLANE AND THE SPHERE By their construction all universal topological hypermaps are regular. Therefore as maps they are vertex-transitive; we show now that on the Euclidean plane and the sphere they are familiar objects.
The vertex-transitive maps on the plane and the sphere are well-known. On the plane they are the regular or semi-regular tessel1ations and on the sphere they are Platonic or Archimedean solids or prisms. The usual way to describe these is to list the sizes of the faces obtained by passing anticlockwise around a vertex . For example, the chess-board tessellation is 4.4.4.4. As £(t, m, n) can be obtained from £(m, I, n) by interchanging hypervertices and hyperedges we may assume that I~m. For simplicity we shall assume that at most one of I, m, n is equal to 2. Then if I > 2 we easily see that £'(t, m, n) is the tessel1ation I . 2n . m. 2n (as we go from hypervertex to hyperface to hyperedge to hyperface). If I = 2 then the hypervertex is just an edge and we then get the tessel1ation m. 2n. 2n. If I II + 11m + l in = 1 we thus find that the Euclidean universal hypermaps are as follows: and so g fixes all bits and thus is the identity.
As £ is a connected hypermap it follows that Tis also transitive on B. Ifg E Tthen there is a g e Tsuch that bog = g-
so that the map ¢: T -+ T defined by ¢(g) = g is an isomorphism. This is analogous to the Heffter-Edmonds Theorem for maps ([10] Section 6.6a); that is, given two permutations (1, IX of a countable set B, then there is a topological hypermap whose set of bits is in one-to-one correspondence with B and for which the rotations about the hypervertices and hyperedges are given by ( 
BIPARTITE MAPS
Walsh [9] showed that there is a one-to-one correspondence between hypermaps of genus g and bipartite maps of genus g. In terms of topological hypermaps this can be described as follows. Let Jf = (X, S, A) be a topological hypermap. At the centre ofeach hypervertex place a red vertex and at the centre of each hyperedge place a blue vertex. If a hypervertex intersects a hyperedge then wejoin the corresponding red vertex and blue vertex by an edge. In this way we obtain a bipartite map and it is easy to see that we can reverse this process to construct a topological hypermap out of a bipartite map.
This correspondence shows up nicely using hypermap subgroups and the inclusion relationship Tim, m, n) < r (2, m, 2n) with index 2, [6] . Let Jf be a topological hypermap of type (l, m, n) and let t be the least common multiple of I, m and n. Then there is an obvious homomorphism from Ttt, t, t) to Ttl, m, n) and so the hypermap subgroup H for Jf can be pulled back to a subgroup Ii of Ttt, t, t). (This idea of regarding map or hypermap subgroups in different triangle groups is often useful and is explained on p. 284 of [4] .) If Jf has N bits then H has index N in Til, m, n) and so Ii has index N in Ttt, t, t), and hence index 2N in r (2, t, 2t ). Thus we obtain a map W(Jf) with 2N darts. It is easy to see that this corresponds algebraically to the Walsh construction. PROOF. (i) Let H < Ttl, m, n) be a hypermap subgroup for Jf". Then, as above, we pull this back to a subgroup H < Ftt, t, t). As W(Jf") is regular, H <J T (2, t, 2t) (by Theorem 9) and hence H <J Tit, t, t). Thus Jf" is a regular hypermap.
(ii) Let T (2, t, 2t) = (x, ylx 2 = i = (xy)21 = 1). As x If. T(t, t, t) ([6]), we can write T (2, t, 2t) as a union of two cosets
Now let H <J Ttt, t, t) be the hypermap subgroup for Jf". Then if H is normal in 1(2, t, 2t), W(Jf") is regular and so its automorphism group is transitive on its edges. If H is not normal in T (2, t, 2t) then its normalizer N(H) = Ttt, t, t). Then N(H) .gpcx) = Ip, t, 2t) and so, by Theorem 6.5 of [4] (with edges replacing vertices), we see that W(Jf") is edge-transitive.
NOTES.
(1) After regularity, edge transitivity is the strongest symmetry property that a map can possess, so that in the Walsh correspondence regular hypermaps correspond to highly symmetric maps. In the next section we shall show that regular hypermaps on the torus correspond exactly to regular maps.
(2) A map can be considered as a hypermap in which one of the permutations a, Il( or UIl( has order 2, and this gives an injection from the set of maps to the set of hypermaps. The Walsh correspondence gives an injection from the set of hypermaps to the set of maps (whose image is the set of bipartite maps). These two injections are not mutually inverse. However we see, in a loose sense, that maps are special cases of hypermaps, whereas hypermaps can be regarded as particular types of maps.
REGULAR HYPERMAPS OF GENUS g~2
In this section we describe all the regular hypermaps of genus g~2. The regular maps for these genera have long been known. When we consider a regular map of type (2, m, n) we can obtain three regular hypermaps from it if m ¥ n and two regular hypermaps if m = n. (We assume that m, n > 2.) Firstly, we can replace each vertex of valency m by an m-sided hypervertex. In this way, for example, we obtain the truncated cube from the cube. Secondly, we could first dualize and then truncate (which gives the same result if m = n). In this way we could obtain a truncated octahedron from a cube. Finally, we could replace each vertex by an m-sided hypervertex, centred at that vertex, and each face with an n-sided hyperedge (centred at the face centre) and then we are left with a 4-sided hyperedge. In this way we would obtain a small rhombicuboctahedron from the cube, as shown in Figure 8 . FIGURE 8 Thus, out of the known regular maps, we can construct regular hypermaps, examples being the Archimedean solids constructed in Section 4(d).
From now on we shall assume that all of the integers I, m, n are greater than 2. As we then have III + 11m + lin~1 we obtain no more cases when g = O.
GENUS 1. Thus all regular hypermaps of genus 1 can be obtained by the reverse of the Walsh construction from regular maps of type {3, 6} or {6, 3}.
It is known that for any pair b, c of non-negative integers there is a regular map of the genus 1 with 6(b 2 + be + c 2 ) darts ( [3] , Section 8.4) and all regular maps of genus 1 are of this form. The map subgroup has index 6W + be + c 2 ) in F(2, 3, 6) and, by the above discussion, it has index 3(b 2 + bc + c 2 ) in r (3, 3, 3) . We therefore deduce the following: THEOREM 12. For every pair b, c of non-negative integers there is a regular hypermap of genus 1 with 3(b 2 + be + c 2 ) bits. This hypermap has b 2 + be + c 2 hypervertices, b 2 + be + c 2 hyperedges and b 2 + be + c 2 hyperfaces.
For example, if b = c = 1 we obtain the hypermap shown in Figure 2 . If b = 2, c = 1 then we obtain the embedding of the projective plane of order 2 on the torus obtained by Walsh [10] . Also see [9] for a genus 3 regular imbedding of that projective plane. GENUS 2. If:/f is a regular hypermap of genus 2 of type (I, m, n), then its hypermap subgroup is a surface group H of genus 2 that is normal in Ttl, m, n). If the index of H in It is easy to see by examining the five groups of order 12 that no homomorphism exists in case (c). In all the other cases homomorphisms onto the groups given in Table 2 do exist. We thus obtain five regular hyperrnaps of genus 2 which are not obtainable from regular maps in a way described at the beginning of this section. These are listed in Table 2 and illustrated in Figures 9-13. FIGURE 9 . Type (5, 5, 5) . 
